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On the Feasibility of Utilising Gearing to Extend
the Rotational Workspace of a Class of Parallel Robots
Mats Isaksson∗, Luke Nyhof, Saeid Nahavandi
Centre for Intelligent Systems Research (CISR), Deakin University, Waurn Ponds Campus, VIC 3217, Australia
Abstract
Parallel manipulators provide several benefits compared to serial manipulators of similar size.
These advantages typically include higher speed and acceleration, improved position accuracy
and increased stiffness. However, parallel manipulators also suffer from several disadvantages.
These drawbacks commonly include a small ratio of the positional workspace relative to the
manipulator footprint and a limited rotational capability of the manipulated platform. A few
parallel manipulators featuring a large ratio of the positional workspace relative to the footprint
have been proposed. This paper investigates the feasibility of employing gearing to extend the
range of the end-effector rotation of such mechanisms. The objective is to achieve parallel ma-
nipulators where both the positional and rotational workspace are comparable to that of serial
manipulators.
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1. Introduction
Parallel manipulators offer several benefits over serial manipulators of similar size. These
benefits typically include higher load capacity, increased speed and acceleration, higher stiffness
and improved position accuracy. However, parallel mechanisms commonly suffer from several
drawbacks, including a small positional workspace in relation to the manipulator footprint and a
limited range of rotation of the end-effector (EEF).
A traditional approach to extend the range of EEF rotation for a parallel manipulator is to
include redundancy. Redundancy is explained here in terms of mobility, similar to the description
used by Lee et al. [1]. If the mobility of a manipulator is greater than the mobility of its EEF, the
mechanism is called a kinematically redundant manipulator, while a mechanism with a mobility
that is lower than the number of actuators is called a redundantly actuated manipulator.
Figure 1 exemplifies how the two types of redundancy can be used to extend the rotational
workspace of a parallel manipulator. The illustrated mechanisms were proposed by Kock et
al. [2]. Each mechanism features a crank-shaped tool platform and can manipulate three posi-
tional degrees of freedom (DOF) and one rotational DOF of the EEF. The manipulators include
four or five actuated arms rotating around a central base column. Each actuated arm is connected
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(a) No redundancy (b) Actuation redundancy (c) Kinematically redundant
Figure 1: Parallel manipulators featuring four actuated DOF of the manipulated platform. The
manipulator (a) exhibits limited platform rotation while the manipulators (b) and (c) have the
possibility for infinite platform rotation. Figures courtesy of [2].
to the manipulated platform by one or two SU linkages, composed of a fixed-length link with
a universal joint on the platform end and a spherical joint on the other end. Three axes (A, B,
Z) are marked in all drawings. All actuated arms rotate around axis Z. Rotation of the EEF is
created by moving axis A in a circle around axis B.
The mechanism in Fig. 1(a) features both a large range of 3-DOF positioning and a sizeable
range of yaw rotation (rotation around axis B). A different variant may be achieved by instead
attaching five linkages to the lower section of the crank-shaped platform and one to the upper
section. The inverse kinematics for both these variants is straightforward. The platform posi-
tion and yaw angle are expressed by x˙ = [x,y,z,φ ]T while the actuated arm angles are given by
q˙ = [q1,q2,q3,q4]T. Analytical expressions for q˙ were derived according to the description in
[3]. Structural parameters were chosen to achieve manipulators with similar proportions as in
Fig. 1(a). The inverse kinematics solutions were verified by solving the length equations of the
SU linkages numerically. Analytical expressions for the Jacobians Jx and Jq (where Jxx˙ = Jqq˙)
were derived by differentiating the length equations for the SU linkages using MATLAB’s Sym-
bolic Math Toolbox. The Jacobian calculations were verified by a numerical differentiation of
the actuated arm angles q˙. The latter calculation provides an expression for J, where q˙= Jx˙, and
it was verified that J = J−1q Jx.
Both the manipulator in Fig. 1(a) and the variant with five linkages connected to the lower end
of the crank-shaped platform exhibit two type 2 singularities [4] during 360 deg. yaw rotation.
For the latter variant, the singular configurations are geometrically intuitive and occur when the
horizontal projection of the crank-shaped platform is collinear with the horizontal projection
of the single linkage attached to the upper section of the crankshaft. For the manipulator in
Fig. 1(a), the singular configurations are less self-evident. A singular value decomposition of
J in the singular configurations of both manipulator variants reveals that the variant with five
collinear platform joints exhibit zero stiffness for pure rotation while the direction with zero
stiffness for the manipulator in Fig. 1(a) is a combination of a rotation and a vertical motion.
The ratio between vertical motion and rotation varies in different platform positions and between
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manipulators with different dimensions.
The type 2 singularities limit the achievable range of yaw rotation. Industrial usage, such as
pick-and-place applications, typically require 360 deg. yaw rotation of the manipulated platform.
By including a fifth kinematic chain in the mechanism, as shown in Fig. 1(b), the singularities
encountered during platform rotation are eliminated, enabling infinite rotation of the platform.
The additional kinematic chain is of the same type as the two uppermost chains in Fig. 1(a).
The mobility of this redundantly actuated manipulator remains four. The patent [2] mentions the
possibility of instead connecting the additional kinematic chain to the lower section of the crank-
shaped platform. The drawback of the redundantly actuated mechanism in Fig. 1(b) is that stress
will be introduced in the mechanism if the actuators are operated independently. One strategy
for controlling manipulators of this type is to employ force control for one of the actuators.
By introducing an internal DOF in the crank-shaped platform, as shown in Fig. 1(c), seven
SU linkages are required to fully constrain the platform when the actuators are locked. When
the three lowest actuated arms are locked, the five linkages connected to the lower section of
the platform together constrain all DOF of the EEF, except rotation around axis B. Because the
parallelogram introduces an additional DOF, two SU linkages are required to fully constrain the
upper section of the crank-shaped platform and hence the EEF rotation. The resulting mechanism
allows infinite rotation of the EEF. As the mobility of the mechanism is now five while the DOF
of the EEF remain four, it is classified as a kinematically redundant manipulator. For such a
manipulator, the inverse kinematics exhibit infinite solutions and rules must be introduced to
select which solution to use.
The manipulators in Fig. 1(b) and (c) feature infinite rotation of the EEF around axis B. Such
manipulators can minimise cycle times by always choosing the shortest path between two EEF
angles. However, utilising an additional actuated kinematic chain adds significantly to the cost
of the manipulator. This paper investigates the possibility of achieving 360 deg. yaw rotation of
the manipulated platform without requiring redundant actuators. By instead employing a gearing
solution, the cost of the mechanism can be reduced.
Combining gearing with parallel robots has been proposed previously; one example is a series
of papers [5, 6, 7, 8, 9, 10, 11] describing how the Delta robot [12, 13] can be extended to four
DOF without employing the central RUPUR kinematic chain suggested by Clavel [12]. One
mechanism derived in these papers has been patented [14] and is now manufactured by Adept
under the product name Quatro. The core idea in papers [5, 6, 7, 8, 9, 10, 11] is to introduce
one or two internal DOF in the manipulated platform combined with an additional actuated
kinematic chain. This chain is either identical to the other three kinematic chains of the original
Delta manipulator or differs only by the removal of one linkage in the parallelogram connecting
the actuated arm to the platform. The relative motion of the platform sections is transformed to
the required rotation by various gear arrangements.
The original paper [5] describes the H4 robot, for which the manipulated platform of the Delta
mechanism is modified to an H-shape comprising three sections separated by rotational joints at
both ends of the crossbar of the H. The mechanism includes an additional actuated kinematic
chain of the same type as the other three chains of the Delta mechanism. Two kinematic chains
are attached to each of two vertical segments of the H-shape. The relative motion of the positions
of the two rotational joints is transferred to an EEF rotation using a gear arrangement. As the two
rotational joints introduce two DOF in the manipulated platform, and the additional kinematic
chain imposes two constraints on this platform when its actuator is locked, the platform is not
over-constrained.
Two variants of the H4 mechanism were introduced by Krut et al. [6]. Both variants were
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named I4 manipulators. The first variant employs three platform sections connected by prismatic
joints. Two parallelograms are attached to each of two sections and the relative translation of
these platform sections is transferred to an EEF rotation via a rack-and-pinion drive. In the sec-
ond variant, only one prismatic joint is employed. As only one internal DOF is added to the plat-
form, an over-constrained platform is avoided by using a single linkage in the fourth kinematic
chain instead of a parallelogram. Another I4 variant, where the manipulated platform comprises
three sections separated by one prismatic joint and one rotating joint, was later proposed by Krut
et al. [7].
Further studies [8, 9, 10, 11] of the H4 and I4 manipulators revealed that the main disadvan-
tage of the I4 was the short service life of the prismatic joints in the manipulated platform while
the main drawback of the H4 was that a symmetric arrangement of the actuated arms is not possi-
ble due to singularities. A new variant, the Par4, was introduced to remedy these drawbacks [8].
The manipulated platform of the Par4 is a rhomb composed of four bars of equal length and
four rotational joints. As such a solution only introduces one internal DOF in the platform, the
symmetric Par4 design employing four parallelograms is over-constrained.
The gearing solutions and platform designs in [5, 6, 7, 8, 9, 10, 11] target the Delta mech-
anism, which suffers from a small workspace-to-footprint ratio. The focus in this paper is to
investigate gearing solutions for parallel manipulators exhibiting a large positional workspace,
where the large workspace is achieved either by utilising actuated rotating arms with a common
axis of rotation [2] or actuated carts on parallel guideways [15]. The remainder of this paper is
organised as follows: In the next section, a novel platform design is introduced. Sections 3 and
4 demonstrate how the proposed design can be incorporated in 4-DOF axis-symmetric parallel
robots and provide an analysis of the workspace and dexterity of the resulting manipulators. It
is shown how a straightforward actuation scheme, similar to what is used for the previously dis-
cussed Delta variants, leads to a large amplification between the angular velocities of the arm
actuating the EEF rotation and the EEF itself. It is then demonstrated how a different actua-
tion scheme can eliminate this drawback. Section 5 suggests how the proposed design may be
integrated with other types of actuators in order to derive different 4-DOF and 6-DOF parallel
manipulators featuring a large range of positional and rotational motion. Finally, a conclusion
and ideas for further work are provided.
2. Proposed manipulated platform
Figure 2 shows two variants of the proposed manipulated platform. It is designed to approach
a work object from above and may be employed by a 4-DOF or a 6-DOF manipulator. The
description in this section focuses on the case when the platform is incorporated in a 4-DOF
manipulator while Section 5 describes the modifications required for a 6-DOF mechanism.
Each variant in Fig. 2 is composed of the platform sections SF (blue), SI (grey) and SO (red).
For a given Cartesian position, section SF remains fixed while the input section SI can rotate
around an input axis VI and the output section SO can rotate around an output axis VO.
Seven linkages Li (white/green) are connected to the manipulated platform. Each linkage Li
comprises a link (white), a universal joint (green) on the platform side and a spherical joint (not
shown) on the other end of the link. To simplify the kinematic descriptions, the position of the
intersection point of the joint axes of one of these joints will be referred to as the position of this
joint. As all links are only susceptible to axial forces, they can be manufactured in lightweight
carbon fibre.
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Figure 2: Two variants of the proposed manipulated platform.
For a 4-DOF variant, the orientation of the axes VI and VO remains constant. The linkage
pairs L1 / L3 and L2 / L4 include fixed-length links, where the links in each pair have equal length
and are mounted to form parallelograms in different vertical planes. The other ends of L1 / L3 are
connected to an actuated intermediate platform while the other ends of L2 / L4 are connected to
a different actuated intermediate platform. The intermediate platforms may be actuated rotating
arms or actuated carts sliding on linear guideways.
The link in the linkage L6 is a fixed-length link. This linkage connects the manipulated
platform and the same actuated intermediate platform as one of the parallelograms. Linkages L5
and L7 include either an actuated telescopic link or a fixed-length link connected to a separate
actuated intermediate platform.
The platform joints of the linkages L1–L5 are collinear. Parallel mechanisms including five
SU linkages (or SPU linkages if they include a prismatic actuator) with collinear platform joints
have previously been proposed in several papers and patents [2, 3, 16, 17, 18, 19, 20, 21, 22].
When all actuators are locked, five linkages of this type together constrain all DOF of a manip-
ulated platform, except rotation around the axis formed by the five platform joints. The purpose
of the linkage L6 is to constrain the rotation of platform section SF around axis VO; hence, the
platform joint of L6 is not allowed to be collinear with the platform joints of L1–L5. When the
corresponding actuators are locked, the linkages L1–L6 fully constrain section SF of the manip-
ulated platform in all non-singular configurations.
Linkage L7 drives the rotation of SI around axis VI. This rotation is then transformed via a
pair of spur gears to a rotation of section SO around axis VO.
The mechanisms in Fig. 2 include the spur gears GI (grey) and GO (red). Gear GI is rigidly
connected to SI and can rotate around the axis VI while GO is rigidly connected to the platform
section SO and can rotate around the axis VO. As only a section of gear GI is used, the moving
mass may be reduced by removing a circular section from this gear. A different option is to
replace the gears GI and GO with two lightweight cogged pulleys connected with a timing belt.
The difference between the mechanisms in Fig. 2(a) and (b) is only the position of the spur gears
and the position of the kinematic chain driving the rotation of these gears.
The proposed platform design is not over-constrained. It still exhibits type 2 singularities
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when the horizontal projection of the axis between VI and the platform joint of L7 is collinear
with the horizontal projection of the linkage L7. However, the introduced gearing means that full
rotation of SO around VO is possible without having to cross either of these two singularities.
For many applications, infinite rotation of the EEF is advantageous due to the possibility of
utilising the shortest path between two programmed EEF angles. The proposed manipulated
platform lacks this possibility; however, as demonstrated by the Quatro robot from Adept, a 360
deg. range of the platform rotation is still sufficient to be industrially useful.
Figure 3 illustrates four variants of the proposed mechanism. Fig. 3(a) demonstrates a possi-
bility to distribute the seven linkages in groups of 2/2/2/1 instead of the 3/2/1/1 clustering used by
both variants in Fig. 2. In the 2/2/2/1 clustering, the linkages L5 and L6 include fixed-length links
and are connected to the same actuated intermediate platform. The 2/2/2/1 variant in Fig. 3(a)
is based on the mechanism in Fig 2(a) but a variant based on the mechanism in Fig 2(b) is also
possible.
As demonstrated in Fig. 3(b), the 2-DOF universal joint of linkage L5 connected to the plat-
form section SF can be replaced by a 1-DOF rotational joint, which does not provide rotation
around axis VO. This modification makes it possible to remove the linkage L6. The correspond-
ing change is also possible for the mechanisms in Fig. 2. The drawback of such a solution is
that the link in the linkage L5 (black in Fig. 3b) becomes susceptible to bending and would re-
quire a heavier design to maintain stiffness. A heavier design would increase the inertia of the
mechanism and typically lower its lowest resonance frequency.
Figure 3(c) illustrates the possibility of introducing a second 4-DOF linkage. This is done by
(a) 2/2/2/1 clustering (b) One 4-DOF linkage
(c) Two 4-DOF linkages (d) Wider manipulated platform
Figure 3: Variants of the design in Fig. 2.
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replacing one linkage in the parallelogram of 5-DOF SU linkages with a 4-DOF UU linkage and
removing an SU linkage from the other parallelogram. The introduced UU linkage is identical
to the SU linkages except that the 3-DOF spherical joint (not shown) is modified to a 2-DOF
universal joint by removing the possibility for rotation around the link axis. The link of the UU
linkage has been coloured orange to illustrate that it must be dimensioned to withstand torsion.
Another variant that may be beneficial is to remove the collinearity of the platform joints
of the parallelograms L1/L3 and L2/L4. Fig. 3(d) demonstrates this possibility for a 3/2/1/1
clustering of the linkages. The potential advantage is that the height of the platform sections
SF and SO can be reduced; however, this reduction comes at the cost of increasing the other
dimensions of SF.
It is also possible to employ epicyclic gears, where the rotation axes of the planetary gears are
rigidly connected to the platform section SF. The outer ring gear GI would be rigidly connected
to the platform section SI while the sun gear GO would be connected to the platform section
SO. Using epicyclic gears, the input axis and the output axis coincide, which leads to increased
manipulator symmetry. However, the weight would typically increase.
3. Axis-symmetric 4-DOF manipulators
Figure 4 illustrates two 4-DOF axis-symmetric manipulators incorporating the proposed plat-
form design. The term axis-symmetric is used to describe mechanisms with equal manipulator
properties in all radial half-planes defined by the common axis of rotation of the proximal arms.
Manipulators of this type feature a large positional workspace in relation to the manipulator foot-
print and the possibility for infinite rotation of the arm system. Hence, they can always implement
the shortest path between two ordered positions. The large toroidal-shaped workspace allows the
manipulator to service multiple conveyor belts. For the manipulators in Fig. 4, all proximal arms
are actuated with the actuators mounted on the fixed base column. All distal linkages are SU
linkages, meaning the link between the spherical and universal joints is only susceptible to axial
forces and can have a lightweight construction. The manipulators are not over-constrained and
the proposed solution means a significant cost reduction compared to using redundant actuators.
(a) Fully parallel (b) Hybrid
Figure 4: Axis-symmetric 4-DOF manipulators incorporating the proposed wrist mechanism.
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The earliest proposed axis-symmetric mechanism, for which all distal links are only suscep-
tible to axial forces, is the 3-DOF SCARA-Tau manipulator [2, 16]. A 2-metre tall prototype of
this mechanism [23, 24] was built by ABB Robotics in the year 2000. Table 1 shows results from
an internal study by ABB Robotics comparing this prototype to a serial IRB 4400 manipulator
from the same company. The results indicate that manipulators of this type have several use-
ful properties and merit further study. Several other axis-symmetric parallel manipulators with
between three and six DOF have later been proposed [3, 21, 22, 25].
The 4-DOF manipulator in Fig. 4(a) employs the manipulated platform in Fig. 2(a). Three
proximal arms manipulate the outer section (SF) of the manipulated platform while the fourth
proximal arm actuates the rotation of the EEF. The parallelogram on each of the lowest two
proximal arms together ensure that the axis (VO) formed by the five collinear platform joints
remains parallel to the common axis of rotation of the proximal arms. Platform section SF suffers
from a coupled parasitic rotation around VO when it is moved radially or vertically. The size of
this parasitic rotation depends on the shape formed by the cluster of three linkages when projected
in a horizontal plane. A triangular shape leads to less parasitic rotation than a parallelogram
shape [24]. Section 4 provides an analysis of the collision-free and singularity-free workspace
of this mechanism and demonstrates that 360 deg. platform rotation is possible in a majority of
the positional workspace.
The analysis in Section 4 reveals that the manipulator in Fig. 4(a) suffers from a large ratio
between the angular velocities of the EEF and the proximal arm actuating the EEF rotation. A
large speed amplification makes it difficult to achieve high accuracy and stiffness of the EEF
rotation. The objective of the design in Fig. 4(b) is to reduce this amplification. The mechanism
employs the manipulated platform from Fig. 2(b). The proximal arm actuating the platform ro-
tation is connected by an additional SU linkage (could also be an RR linkage) to an intermediate
platform pivoting on a different proximal arm. This intermediate platform is in turn connected to
the lever attached to the input spur gear GI. The proposed arrangement incorporating two paral-
lelograms leads to a 1:1 relation between the rotation of the proximal arm and the rotation of GI.
Hence, the the total speed amplification equals the ratio between the radii of GI and GO, which
is four for the illustrated mechanism. The 1:1 relation is also valid close to the singularities;
however, when the manipulator approaches a singularity, the link forces tend to infinity, meaning
configurations close to the singularities must still be avoided. As two of the kinematic chains
are dependent, the proposed mechanism is not a fully parallel manipulator. The workspace and
dexterity of this manipulator are analysed in Section 4. Its main drawback is that the pivoting
intermediate platform contributes to increased moving mass, increased complexity and increased
Table 1: Comparison between the parallel SCARA-Tau prototype and a serial IRB
4400 manipulator. Results provided by ABB Robotics.
Manipulator property SCARA-Tau IRB 4400
Repeatability 4 µm 100 µm
Absolute accuracy 15 µm 500 µm
Lowest resonance frequency 30 Hz 10 Hz
Path accuracy at 1 m/s 100 µm 1000 µm
Linear acceleration 5 g 2 g
Maximum speed 5 m/s 2 m/s
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cost.
4. Workspace analysis
This section provides an analysis of the workspace and dexterity of the two manipulators
in Fig. 4. Dimensional parameters were selected based on simulations and previous experience
of similar mechanisms while optimised dimensional synthesis was left for future work. In the
parameter descriptions, we refer to the notations in Fig. 2. As the underlying 3-DOF mechanism
is identical for both manipulators in Fig. 4, we begin by analysing the workspace and dexterity
of this mechanism. Thereafter, the limitations of transferring rotation with a four-bar linkage are
revisited. The following two subsections analyse the achievable range of EEF rotation for the
two manipulators in Fig. 4.
4.1. Underlying 3-DOF mechanism
If the platform sections SF and SO were rigidly connected and SI, L7 and the corresponding
proximal arm were removed, the manipulators in Fig. 4 would be identical 3-DOF positional
manipulators, for which the orientation of the manipulated platform exhibits a coupled parasitic
rotation in one DOF. The parasitic rotation means the platform rotates somewhat around axis VO
when it is moved radially or vertically. We begin by analysing the workspace and dexterity of
this mechanism.
A fixed base coordinate system F is defined with its z-axis coinciding with the common axis
of rotation of the actuated proximal arms, directed upwards. The origin of F is selected to be
at the same height as the arm joint of L1 (the joint connected to the proximal arm). Due to the
axis-symmetry of the workspace, the x-axis can be chosen arbitrarily while the y-axis is selected
according to the right-hand rule. The rotation angle of each actuated proximal arm is denoted
by qi, where the index is one for the arm connected to L1, two for the arm connected to L2 and
three for the arm connected to L5. Rotation is measured from the positive x-axis and the positive
rotation direction is defined by the z-axis of F according to the right-hand rule.
The perpendicular distance between the arm joint of linkage Li and the centre of the base
column is denoted by ai. The distance between the arm joint and the platform joint in each
linkage Li is denoted by li. The height of the arm joint of linkage Li expressed in F is denoted
by hi, where h1 is by definition zero. The tool centre point (TCP) of the studied mechanism is
selected to be in the centre of the bottom section of the manipulated platform (red). The position
of the TCP in the base coordinate system is given by x = [x,y,z]T. The vertical distance between
the TCP and the platform joint of linkage Li is denoted by pi and the perpendicular distance
between the platform joint of L6 and the axis formed by the platform joints of L1–L5 is denoted
by d6. The values of ai, li, hi, pi and d6 are available in Table 2.
Both manipulators in Fig. 4 include two parallelograms employed to keep axis VO vertical.
Configurations where the orientation of VO gains one or more DOF are called constraint singu-
larities. It has been proved [26] that these constraint singularities occur when the linkages in a
parallelogram are collinear (which is not physically possible) or when the planes of the two par-
allelograms are parallel. Hence, for the manipulators in Fig. 4, configurations where the linkages
L1–L4 are in the same plane are not allowed. Configurations close to where two linkages in a
parallelogram are collinear are avoided by limiting the smallest angle between the linkages and
a vertical axis to δ , while configurations close to where the planes of the two parallelograms are
parallel are avoided by evaluating the cross product and scalar product between the normalised
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Table 2: Parameters for the manipulators in Fig. 4. The underlying 3-DOF positional manipulator
is identical for the two manipulators, which means the parameters for i=1–6 are the same.
Manipulator in Fig. 4(a) Manipulator in Fig. 4(b)
i ai (m) li (m) hi (m) pi (m) ai (m) li (m) hi (m) pi (m)
1 0.900 1.100 0.000 0.110 0.900 1.100 0.000 0.110
2 0.900 1.100 0.055 0.165 0.900 1.100 0.055 0.165
3 0.900 1.100 0.110 0.220 0.900 1.100 0.110 0.220
4 0.900 1.100 0.165 0.275 0.900 1.100 0.165 0.275
5 0.900 1.300 1.000 0.330 0.900 1.300 1.000 0.330
6 0.900 1.100 0.055 0.165 0.900 1.100 0.055 0.165
7 0.900 1.300 0.300 0.440 0.250 1.100 0.000 0.110
8 - - - - 0.450 0.900 0.000 0.000
d6 = 0.125 m, dL = 0.25 m, rB = 0.15 m d6 = 0.125 m, dL = 0.25 m, rB = 0.15 m
rL = 0.018 m, rGI = 0.075 m rL = 0.018 m, rGI = 0.100 m
rGO = 0.025 m, cimax = 3.0 rGO = 0.025 m, cimax = 3.0
comax = 3.0 comax = 3.0, rA = 0.020 m, β = 105 deg.
horizontal projections of the axial vectors of L1 and L2 directed toward the manipulated platform.
Only solutions where the vertical component of this cross product is negative and the smallest
angle between these projections is between δ and pi − δ are accepted as valid solutions. This
type of constraint singularities could instead be eliminated by utilising the design in Fig. 3(c).
A different type of constraint singularities occur if the link L6 is in the plane formed byVI and
VO, in which case the rotation of SF around VO is not constrained. Also these singularities are
avoided by the previously introduced constraint on the inclination of the links L1 and L3. In
order to provide margin to the constraint singularities, the value of δ was chosen to be pi/6. A
quantitative evaluation of how the distances to these singularities affect the manipulator stiffness
would be beneficial but is beyond the scope of this paper.
For the selected parameter sets, collisions between proximal arms and distal linkages, or
between different distal linkages, is not an issue for any of the manipulators in Fig. 4. The two
proximal arms attached to a parallelogram may collide; however, this collision is avoided by the
previously introduced condition to avoid constraint singularities. Collisions between the distal
linkages and the cylindrical base column are avoided by calculating the shortest distance between
a horizontal projection of the axis of each linkage Li and the centre of the base column and only
accepting solutions where this distance is larger than the sum of the base column radius rB and the
distal link radius rL. The values of rB and rL are available in Table 2. This restriction also serves
to avoid collisions between the base column and the manipulated platform. The minimum angles
between the linkages L5–L6 and a vertical axis are also limited to pi/6. This joint limitation is
introduced to avoid collisions between the linkages Li and SF and between Li and the proximal
arms.
Analytical solutions to the inverse kinematics were derived according to Isaksson et al. [27].
Analytical expressions for the Jacobians Jx and Jq (where Jqq˙ = Jxx˙ and q˙ = [q˙1, q˙2, q˙3]T) were
derived by differentiating the length equations for the three linkages L1, L2 and L5. Within the
workspace that is free of constraint singularities, the studied 3-DOF mechanisms are also free of
type 2 and type 3 singularities (positions where det(Jx) = 0).
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Due to the axis-symmetric nature of the manipulator, it is sufficient to analyse the workspace
in one radial half-plane, here chosen to be 0 ≤ x ≤ a1 + l1, y = 0, −l1− p1 ≤ z ≤ l1− p1. The
investigated xz-plane was divided into a square grid with a side length of 0.05 m. In each position
of this grid, the existence of an inverse kinematic solution was used to determine if the position
was reachable. In addition, the earlier described singularity limitations, joint limitations and
potential collisions were evaluated.
The relation between the TCP velocity and the angular speed of the proximal arms is given
by q˙ = Jx˙, where J = J−1q Jx. The ratio between the smallest and largest singular values of J
was used to provide a measure of manipulator dexterity in each position. This local conditioning
index is the inverse of the condition number of J and ranges between zero in a singularity and
one in an isotropic configuration.
Figure 5(a) shows a radial intersection of the positional workspace of the manipulators in
Fig. 4. Due to the axis-symmetric design, the same workspace is possible in all radial half-
planes, meaning the total workspace is toroidal-shaped. Each position is coloured according to
the inverse condition number of the underlying 3-DOF mechanism. The objectives of maximal
dexterity and maximal workspace are inversely correlated and the manipulator parameters were
selected as a compromise between these objectives.
For small values of z, the workspace is limited by the constraint on the smallest allowed
angle between the linkage L5 and a vertical axis. The workspace can be extended downwards
by increasing the length of L5 or moving the corresponding proximal arm downwards; however,
both these approaches lead to a reduction of the inverse condition number in the entire workspace.
For pick-and-place applications, the useful section of the workspace is positions where the TCP
is the lowest moving part of the mechanism, meaning the TCP is below the lowest proximal arm.
For such applications, the workspace in Fig. 5(a) could be shifted downwards by extending the
platform section SO vertically. The disadvantage of such a solution is increased moving mass
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(b) Workspace of the robot in Fig. 4(a)
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(c) Workspace of the robot in Fig. 4(b)
Figure 5: Intersections of the collision-free and singularity-free workspace of the mechanisms in
Fig. 4(a) and Fig. 4(b). (a) Each reachable position is coloured according to the inverse condition
number of the underlying 3-DOF mechanism. Positions with a value less than 0.2 are marked
with a hollow red circle, positions with a value between 0.2 and 0.3 are marked with a solid blue
square, while positions with a value larger than 0.3 are marked with a solid black circle. (b)-(c).
Positions that are reachable with all orientations of the manipulated platform are marked with
a solid black circle while positions that are reachable with at least one platform orientation are
marked with a hollow red circle.
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and reduced manipulator stiffness. For large values of z, the workspace is limited by the smallest
angle allowed between the linkages L1–L4 and a vertical axis.
Close to the base column, the workspace is limited by collisions between the distal linkages
and the base column while the maximum reach in the positive x-direction is limited by the in-
troduced condition to avoid the constraint singularities where the linkages L1–L4 are parallel.
In these constraint singularities, the determinants of Jx and Jq are also zero. As can be seen in
Fig. 5(a), the conditioning index is reduced for large values of x.
4.2. Transferring rotation with a four-bar linkage
Figure 6 shows horizontal projections of the four-bar linkages providing transmission of rota-
tion for the manipulators in Fig. 4. In Fig. 6(a), the input axis is the rotation axis of the proximal
arms and the output axis the rotation axis VI of gear GI. Fig. 6(b) only includes one of the two
parallelograms employed by the mechanism in Fig. 4(b). The input axis is the rotation axis of
the intermediate platform pivoting on one of the proximal arms while the output axis is VI.
In both figures, the distance l7proj is the length of the horizontal projection of L7. Both
this distance and the distance between the input axis and the output axis vary for different TCP
positions. The input and output torques are denoted by τi and τo, respectively, while the input
and output angular velocities are denoted by φ˙i and φ˙o. The horizontal component of the link
force in L7 is denoted by Fh, and the relations between Fh and τi and between Fh and τo are given
by (1) and (2), respectively. The relations between τi and τo and between φ˙i and φ˙o are given by
(3) and (4), respectively:
τi = jiFh (1)
τo = joFh (2)
jiτo = joτi (3)
joφ˙o = jiφ˙i (4)
According to Gosselin and Angeles [4], the singularities can be classified as type 1 singular-
ities (det( ji) = 0 and det( jo) 6= 0), type 2 singularities (det( ji) 6= 0 and det( jo) = 0), and type
3 singularities (det( ji) = 0 and det( jo) = 0), where the determinant of a scalar is the value of
the scalar. For the projection in Fig. 6(a), only type 2 singularities are reachable; however, for
projections where the TCP position is closer to the base column, type 1 singularities are also
possible. In contrast, the mechanism in Fig. 6(b) only exhibits type 3 singularities.
ji
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oo ,  ii , 
Fh i
i
dL
dL a7
a7
l7proj
l7proj
(a) Transmission used in Fig. 4(a)
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(b) Part of transmission used in Fig. 4(b)
Figure 6: Horizontal projections of the transmissions for EEF rotation employed by the manipu-
lators in Fig. 4. For the mechanism in (b), αo = αi and jo = ji.
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For the mechanism in Fig. 6(a), the ratio ji/ jo is not constant, which means the amplification
of speed and torque varies in different configurations. When the mechanism approaches a type
2 singularity (αo = 0 or αo = pi), the speed amplification tends towards infinity and the torque
amplification to zero. When the mechanism approaches a type 1 singularity (αi = 0 or αi = pi),
the speed amplification tends towards zero and the torque amplification towards infinity. In
contrast, for the mechanism in Fig. 6(b), the ratio ji/ jo is equal to one in all configurations
except in the singularities where it is undefined as both ji and jo are equal to zero.
For the same input torque, the horizontal component Fh of the link force depends on αi
according to Fh(αi) = Fh(pi/2)/sin(αi), where the Fh(pi/2) is the minimum force. Hence, the
link force tends to infinity when the manipulator approaches a type 1 singularity or a type 3
singularity. To limit the ratio ci = Fh(αi)/Fh(pi/2) between maximum and minimum horizontal
force to be less than cimax, the required condition on αi is
arcsin(1/cimax)< αi < pi− arcsin(1/cimax). (5)
Similarly, for the same horizontal force Fh, the output torque τo depends on αo according to
τo(αo) = τo(pi/2)sin(αo), where τo(pi/2) is the maximum torque. To limit the ratio co =
τo(pi/2)/τo(αo) between maximum and minimum torque to be less than comax, the required
condition on αo is
arcsin(1/comax)< αo < pi− arcsin(1/comax). (6)
The speed amplification can be written
ji/ jo =
a7 sin(αi)
dL sin(αo)
=
a7
dL
co
ci
. (7)
For the mechanism in Fig. 6(b), the speed amplification is one while the introduced constraints
on ci and co mean the speed amplification for the mechanism in Fig. 6(a) is bounded by
a7
dL
1
cimax
< ji/ jo <
a7
dL
comax. (8)
The angle between the linkage L7 and the horizontal plane is γ = arccos(l7proj/l7), where
l7proj =
√
l27 − (h7− z− p7)2. As the force in L7 is axial, its vertical force component is Fv =
Fh arctan(γ). This unwanted vertical component acts as a disturbance on the manipulated plat-
form and the actuated proximal arm that increases for large values of γ .
4.3. Rotational workspace of the manipulator in Figure 4(a)
For both manipulators in Fig. 4, the angle of the proximal arm actuating rotation is denoted by
q4. The radii of the input gear GI and the output gear GO are denoted by rGI and rGO, respectively.
The axis VI intersects the platform joint of L6 and the perpendicular distance between the axes
VI and VO is equal to rGO + rGI. The perpendicular distance between the platform joint of L7
and axis VI is denoted by dL. This value and the values of the gear radii are available in Table 2.
When the vertical TCP position z is larger than h7− p7, collisions between L7 and gear GI
may prevent full rotation of the manipulated platform. For z > h7 − p7, these collisions are
evaluated by calculating the shortest distance between axis VI and a horizontal projection of the
central axis of L7 and avoiding configurations where this distance is less than rL+ rGI. Potential
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collisions between L7 and the lever between VI and the platform joint of L7 are not evaluated as
these collisions can be avoided by a small redesign of this lever.
As a large angle between the linkage L7 and the horizontal plane means a large unwanted
vertical force component in this linkage, this angle is limited to be pi/3.
According to the discussion in the previous section, all singularities are avoided by applying
the constraints (5) and (6), where the values of cimax and comax are provided in Table 2.
Figure 7(a) shows a horizontal projection of the kinematic chain actuating the EEF rotation
of the manipulator in Fig. 4(a). For a given TCP position, the potential positions of the platform
joint of linkage L7 are [xc + dL cos(φ),yc + dL sin(φ),z+ p7]T, where [xc,yc]T is the horizontal
position of axis VI and φ is the angle of gear GI. For each potential position of the platform joint
of L7, the corresponding angle of its proximal arm can be calculated according to the description
in [27]. Thereafter, it is straightforward to determine the position of the arm joint of L7. The
assembly mode of the evaluated configuration can be determined from the sign of the vertical
component of the cross product between a vector defined by the projection of L7 directed towards
the arm joint and a horizontal vector between the platform joint of L7 and axis VI. Once the
positions of both joints of L7 are known, the angles αi and αo can be calculated from the scalar
products between planar vectors defined by these joints, the axis VI, and the origin of F.
Different values of φ were evaluated until a solution in the correct assembly mode fulfill-
ing all constraints was found. In the majority of TCP positions, φ = 3pi/2 is such a solution.
Thereafter, φ was reduced until a solution was not possible due to any of the introduced con-
straints and the value φmin of the last valid solution was stored. Performing the same calculation
while increasing φ leads to a corresponding value of φmax. Full rotation of the EEF is possible if
(φmax−φmin) times (rGI/rGO) is larger than or equal to 2pi .
Figure 5(b) demonstrates the achievable EEF rotation for the manipulator in Fig. 4(a) in each
TCP position. The limitation in rotational workspace depends almost entirely on the constraints
(5) and (6) introduced to avoid singularities.
The main drawback of the mechanism in Fig. 4(a) is the large amplification ( ji/ jo)(rGI/rGO)
between the angular velocity of the proximal arm actuating the EEF rotation and the angular
a8
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F
Platform joint of L7
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Figure 7: Horizontal projections of the mechanisms actuating the EEF rotation in Fig. 4.
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velocity of the EEF and conversely a large reduction of torque. A large speed amplification makes
it difficult to achieve high accuracy and stiffness of the EEF rotation. According to (8), ji/ jo is
bounded by (a7/dL)comax = 10.8, meaning ( ji/ jo)(rGI/rGO) is less than 32.4. By introducing
an additional constraint ( ji/ jo)(rGI/rGO)< kmax in the simulations used to generate Fig. 5(b), it
was found that once kmax is less than 31.8, the area in Fig. 5(b) featuring full rotation begins to
shrink.
According to (7), the ratio ji/ jo equals a7 sin(αi)/dL sin(αo). Attempts to modify the kine-
matic parameters of a7 and l7 in order to significantly reduce the maximum value of a7 sin(αi)
while maintaining the positional workspace have not been successful. The maximum value of
ji/ jo can be decreased by increasing the minimum value of sin(αo), that is, by reducing comax
and leaving more margin to the type 2 singularities. However, in order to maintain a similar
size of the workspace allowing 360-degree EEF rotation, such a change must be compensated
by a larger ratio rGI/rGO, which in turn contributes to increased speed amplification and leads
to more collisions. If comax is reduced from 3 to 1.5 and the the radius rGI of GI is increased to
0.100 m, the resulting workspace is similar to what is shown in Fig. 5(c). In this case, the speed
amplification is bounded by 21.6.
To significantly reduce the speed amplification while maintaining similar positional workspace,
the value dL must increase. While this is possible, it leads to higher risk of collisions and in-
creased moving mass of the manipulated platform. Collisions can be avoided by using a larger
value of h7; however, that increases the unwanted vertical component of the force in L7. This
drawback can in turn be avoided by simultaneously increasing p7; then at the cost of an additional
increase of the moving mass of the manipulated platform.
4.4. Rotational workspace of the manipulator in Figure 4(b)
Figure 7(b) shows a horizontal projection of the two parallelograms generating EEF rotation
for the manipulator in Fig. 4(b). The kinematic lengths of the horizontal projections of L6 and L7
are always equal. The shape and dimensions of the intermediate platform pivoting on one prox-
imal arm are given by a7, a8 and β . The kinematic length of the short proximal arm actuating
the EEF rotation is a8 and the kinematic length of the additional linkage L8 connecting the short
proximal arm and the intermediate platform is l8 = a1. For this manipulator, the definitions of a7
and p8 deviate from the previous definition. The parameter a7 describes the perpendicular dis-
tance between the rotation axis of the intermediate platform and the joint of L7 that is connected
to this platform while p8 is the vertical distance between the origin of F and the joint of L8 that
is connected to the intermediate platform. All parameter values are available in Table 2.
The range of platform rotation was evaluated according to the description in the previous
section. In addition to the previously described collisions, an additional collision between L7
and the axis formed by the arm joints of the linkages L1, L3 and L6 was evaluated using the same
methodology as the evaluation of collisions between distal linkages and the base column. The
required value of the radius rA of this axis is available in Table 2.
The singularities were avoided by applying the constraints (5) and (6) on the angles αi1, αo1,
αi2 and αo2 marked in Fig. 7(b). Due to the parallelograms, αi1 = αo1 and αi2 = αo2. The values
of cimax and comax are provided in Table 2.
Figure 5(c) demonstrates the achievable platform rotation for the manipulator in Fig. 4(b) in
each position. The main limitation is due to the constraints (5) and (6). If the angles αo1 and
αo2 were equal and limitations due to collisions ignored, the maximum rotation of GI would
be pi−2arcsin(1/min(cimax,comax)) ≈ 2.46, which means rGI/rGO = 2.6 would be sufficient to
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achieve full rotation of the EEF. However, while it is possible to select β so αo1 = αo2 in one
TCP position, these angles will be very different in other TCP positions, meaning the rotation
of GI that is possible in the entire workspace is significantly smaller and a much larger ratio
rGI/rGO is required. By reducing the angle β , the workspace region allowing full rotation in
Fig. 5(c) may be shifted towards large values of x; however, it comes at the cost of losing full
rotation for small values of x. The other constraints, such as collisions between L7 and gear GI
and collisions between L8 and the base column, also affect the ability to achieve full rotation of
the EEF; however, the effect of these limitations can be reduced by increasing the lengths a8 and
dL.
The size of the workspace permitting full rotation can be increased by replacing one or both
of the parallelograms with general four-bar linkages. For example, increasing a7 to 0.4 m halves
the red area in Fig. 5(c). Such modifications come at the cost of increased speed amplification,
meaning the final parameter choices should preferably be selected by maximising the positional
workspace where full rotation is possible under a constraint on the maximum allowed speed
amplification.
For the manipulator in Fig. 4(b), the amplification of angular velocity between the proximal
arm actuating the EEF rotation and the EEF itself equals rGI/rGO, which was here selected to be
four. This is a significant improvement compared to the manipulator in Fig. 4(a). The disadvan-
tages of the manipulator in Fig. 4(b) include increased moving mass, increased complexity and
increased cost.
5. Other manipulators
This section presents three other parallel manipulators employing the proposed manipulated
platform. The manipulator in Fig. 8(a) is a 4-DOF mechanism incorporating the platform design
in Fig. 3(a). This mechanism is based on the 4-DOF Hita-STT manipulator [28, 29]. It employs
two actuated carts on each of two parallel guideways. The two guideways would typically be
linear as in Fig. 8(a); however, this is not a requirement. Analogous to the Gantry-Tau [15] and
Triaglide [30] manipulators, the guideways are parallel; however, contrary to these 3-DOF mech-
anisms, only two guideways are required here, which reduces the cost of the mechanism. Similar
to the Linear Delta manipulator [13], the mechanism employs three parallelograms to manipulate
the TCP position; however, the parallelograms of the proposed mechanism are not symmetrically
distributed. The manipulator features a large 3-DOF positional workspace and 360 deg. platform
rotation around the vertical axis formed by the five collinear platform joints. In contrast to the
(a) 4-DOF (b) 6-DOF (c) 6-DOF
Figure 8: Parallel manipulators incorporating the proposed manipulated platform.
16
manipulators in Fig. 4, the orientation of the platform section SF remains constant and does not
exhibit parasitic rotation. Several manipulators may work in parallel utilising the same guide-
ways and it is straightforward to extend the workspace in one positional DOF indefinitely. The
proposed mechanism may be a cost-efficient solution for palletising applications. However, the
usefulness of the proposed mechanism requires further evaluation. While the mechanism has
the potential for a large positional workspace, a large proportion of this workspace will suffer
from a poor condition number. Additionally, the speed amplification of the linear to rotational
transmission must be evaluated.
Both manipulators in Fig. 4 include a pair of parallelograms used to keep the orientation of
axis VO constant. The proposed manipulators can be extended to six DOF by separating these
parallelograms and actuating each of the linkages L1–L4 independently. The 6-DOF manipulator
in Fig. 8(b) is based on a manipulator proposed by Isaksson et al. [21]. The illustrated variant
employs the platform design in Fig. 3(a). Five actuated proximal arms manipulate the position
and orientation of the axis VO, defined by the five collinear platform joints, while one proximal
arm actuates the rotation of the EEF around this axis. Such a mechanism may be useful for
applications that require 360 deg. rotation around a non-vertical axis, including several pick-
and-place applications and assembly applications. It has been shown [3] that a mechanism of this
type can be dimensioned to achieve a sizeable workspace free from singularities and collisions.
Similar to the mechanism in Fig. 4(a), the variant in Fig. 8(b) suffers from a large amplification
between the angular velocities of the proximal arm actuating the EEF and the EEF itself.
If infinite rotation of the arm system is not required, the rotation axes of the proximal arms
of this manipulator and the manipulators in Fig. 4 could be separated. The advantage of such a
separation is that the requirement of a large ring gear attached to each proximal arm is eliminated.
This would allow a simplified design of the proximal arms with reduced weight and potentially
a substantial cost saving.
Figure 8(c) shows a 6-DOF linear robot incorporating the wrist mechanism from Fig. 2(a).
The proposed manipulator utilises four actuated carts on four separate guideways. The proposed
mechanism is based on the 3-DOF Gantry-Tau manipulator [15], for which three clusters of
fixed-length links connect three actuators and the manipulated platform. One cluster comprises
three parallel links, another cluster two parallel links while the third cluster is made up of a
single link. For the mechanism in Fig. 8(c), one link in the cluster of three links and one link
in the cluster of two links are actuated telescopic links. If these links are locked at the same
length as the other links in the same cluster, the orientation of the axis VO remains fixed in the
entire workspace. By modifying the length of the two telescopic links, it is possible to control
the orientation of this axis. A combination of fixed-length links and telescopic links connected
to the same actuated cart was previously utilised for the planar redundantly actuated mechanism
proposed by Wang et al. [31]. A variant of the design in Fig. 8(c) is to employ fixed-length links
exclusively. In this case, either two additional pairs of carts and guideways or two additional
carts on existing guideways are required.
6. Conclusion and future work
This paper investigates the feasibility of employing gearing to extend the rotational workspace
of parallel manipulators featuring a large positional workspace. A novel design of a manipulated
platform utilising gearing was introduced. The platform was incorporated in two different 4-DOF
axis-symmetric parallel manipulators and the resulting workspaces were analysed. The results
demonstrate that the proposed designs make it possible to achieve 360 deg. EEF rotation in the
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majority of the positional workspace. The main drawback of a straightforward implementation
is a large amplification between the angular velocities of the proximal arm actuating the EEF
rotation and the EEF itself. It was shown how this amplification can be reduced by using a dif-
ferent actuation scheme. The drawbacks of the suggested modification include increased moving
mass, increased complexity and increased cost. For practical use, the performance and cost of
the proposed designs must be evaluated against the straightforward solution of mounting a motor
on the manipulated platform and using a slip ring for power transfer.
In addition to the axis-symmetric manipulators, two parallel manipulators combining the pro-
posed manipulated platform with actuated carts on parallel guideways were proposed. For these
mechanisms, the transmission does not include a four-bar linkage and a large speed amplification
may not be an issue. Suggested future work includes an analysis of these mechanisms.
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